Heat Kernel estimations for the simple

random walk
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In this paper, we investigate the convergence rate of the

heat kernel defined on locally finite graphs in the one-
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dimensional simple random walk case. The heat kernel
represents the transition density and can be estimated

by approximating the factorial. Through asymptotic
expansions of certain functions and Taylor expansions of
some terms, upper and lower bounds of the heat kernel can
be derived.
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1. Notions and Background

Let V be a set of elements and R, :=[0,0) be the

set of all non-negative real numbers. A Markov Ker-
nel on V is defined as

P(x,y):VxV >R,
where
> P(x,y)=12VxeV.

yev
Consider a sequence of random variables {X,}” .
For a Markov kernel p, if X, satisfies that
P(X,.=Y|X,=x)=P(x,y),?neN,

the Markov property (the process behavior at the
moment n onward is independent of the past) is sat-
isfied. Hence, {X,}., is a Markov chain induced by
p. It would be amusing to explore Markov chains
on a finite graph (V,E), where V consists of fi-
nite number of vertices and E is the set of edges. A
simple random walk X, is defined as follows: for a
walker at position X eV attime neN, X, , isob-
tained by

n+l

1
. y - X!
P(Xnﬂ = ylxn = X): deQ(X)
0,y~?x,
where deg(x) denotes the degree of xeV, i.e., the

number of edges that are attached to the vertex. To
fully illustrate the probability pattern of simple ran-
dom walk, we would like to introduce a probability

measure on a set V". For points X, X,,---,x,€V",

we define

( 1 . 1 )

IP>>£n)(xllXZ!""Xn):: P(xl’xl)P(Xl’XZ)“'P(Xn—l'Xn)'

If (X,%,,-+,X,) is regarded as a n-points subset of

V" [1], then we can extend (1.1) to all AcV" by
> P (X Xy X, )

(Xg. X o+ %y )EA

It can be verified by induction that (see [1])

P (V") =1.

(12) P(A)=

To extend (1.2) to V”, we need to use the lones-
cu-Tulcea theorem.

Theorem 1.1 ([2]). Let (€, A, P,) be a probability
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space and (€;,4,), i=1, be measurable spaces, where
Q., ie N, are sample spaces, A isa o-field of Q,, and
P, is a probablity measure. For each ie N, let

K (QHAT) > (QLA)

be the Markov kernel derived from (Q™, A"™) and
(©,4), where

and

A=2  A.

Then there exists a sequence of probability measures
P=P,®?_K

defined on the product space for the sequence (Qi,Ai),

i e N, and there exists a uniquely defined probability

k=0

measure P on (HQk,?f_o j so that

R(A):P[AxﬁQkJ

k=i+1
is satisfied for each Ae A' and ieN, which means that

the measure P has conditional probabilities equal to the
stochastic kernels.
Proposition 1.2 ([1]).

]P))En)(xl’“"Xn):]P))Sm)(xll'“’xn)’
where m>n and m,neN".
Proof. For m>n, let x=(x,---,X,), ¥ =(%,*,X,), and

denote y /X =(X,,,--*, X, ), then

N+t

PO) = X E)= T PO [P0+
= P(x,xl)l:nl[P(xi,xi+1)y;Vi_11P(xi,xm)

= B (% %) B (V)
= P (X0, X, )-
It follows from Proposition (1.2) that
B (A) =B (A)
here (X, %,) € A"if (x,---,x,)e A
Now we set
P, (A)=P"(A)

on V”, where

A ={{xk};°:1:(xl,---,xn)eA}.

By the lonescu-Tulcea theorem, this PP, defined on V™ is
a unique probability measure.
Define X, on the probability space Q by

X, ({Xk }:ll) =X
then (1.1) can be rewritten as
(1.3)

IP)x(Xl: Xil""xn = Xn): P(X'Xl)P(XilXZ)'“P(Xn—l’Xn)'
Given a Markov chain {X,} with a Markov kernel
P(xy), by (1.3)

P(x,y)=P(X,=Y),

then P(x,-) is the distribution of X, P, (x,-) is the distri-
bution of X, here

Pﬂ(x‘y):]P)X(Xﬂ = y)’

which also describes the random walk at time n, thereby
P.(x,y) is also called the n-step transition function. Here,

the reversibility of the transition function is defined as fol-
lows.

Definition 1.3. Let P(x,y) be a Markov kernel. If there

exists a positive function x(x) on V such that

(24) P(xy)u(x)=P(y.x)u(y),
then P(x,y) is called be reversible.

By the definition of P,(x,y), we have
(15) Puu(xy)=2 P(x2)P(zy),

zeV
then one can easily obtain from (1.4) and (1.5) by in-
duction that Markov kernel P,(x,y) is reversible. Then,

based on the reversibility, the heat kernel is defined.
Definition 1.4. Let V be a set of vertices with weights ,

then for the locally finite (V, ),

P.(xY)

p, (X y)=—"""

(x9) #(y)
is called the heat kernel of (V, x).

In the sense of random walk, the heat kernel is also called
the transition density of the random walk. By definition

(1.4), Vx,yeZ,

P (%,¥) = Py (¥ %).

Let (V,u) be Z with asimple weight, then
1

P (x0y) =5 (0 Y),

since VxeZ, pu(x)=2, which is the case of one-dimen-
sional simple random walk.



Since Z is shift invariant, p,(X,y) is also shift invariant,
then

P, (X, ¥) = py(x-2,y-2)

for VzeZ.

In particular, for z = x,

Py (X%,¥)= P, (0.y—X).

Therefore we only investigate p, (0,x) in the following.
Theorem 1.5. Under the definition given by (1.4) and the
symmetry p,(x,y)=p,(y,x) forall x,y e Z, we have

n
1

b, (0,%) = ovE| N+X ,x=n(mod2),and|x|<n,

n\Y 2

0,?otherwise,

n
where ( ) is the binomial coefficient.
m

Proof. Since p,(0,x) = %Pn(o,x) for the one-dimen-

sional simple random walk on Z, we only need to prove
that

n
1
PO(Xn:X):Pn(OvX):§ X+n
2
In fact,
IP’O(anx) = Z IEDo(xlzxvxz:Xz""lxn:x)
X1 X peens X €V
= 2 POX)P(X %) P (X4 X).
X1 Xp e Xn €L
Let

X, —0=d,X,—x =d,,"--, X, ,—X,,=d ;X=X ,=d,
then PP, (X, =x)-2"is equal to the number of solutions to
the equation

(1.6)
where for Vi<i<n(ieN),d, e {-11}.
Note that for V1< j<k<n(j,keN),

d,+d,+---+d, =X,

d, Edj zl(m0d2),
|di|:|dj|:1’
then

Zn:di =n(mod2),

i=1l

>4
i=1

whence the solutions to the equations exist if and only if

n

<Z|di|:n,

i=1

Dean&Francis

XIAOYUAN WANG

|X|< nandx = n(mod?2).
Let
n, =#{ieN|d, =11<i<n},

n =#{jeN|d, =-11< j<n|,

then
(n,)+(n)=n,
(n,)-(n)=x
whence
_n+x
+ 2 '
n—x
n=—-
2
In conclusion, if x=n(mod2) and |x|<n holds, we have
n
1
B(X,=x)="5n+x |
2
In this case, the total number of solutions to the equation
n
(1.6) is | n+x | once the condition of x is satisfied. Oth-
2

erwise, the solution does not exists.

As n grows larger, the value of the factorials is hard to
derive, therefore estimates are needed. In the lecture notes
[1], A. Grigor’yan proved an estimate of the heat kernel:
Theorem 1.6. For all positive integers n and for all

x e Z such that |[x|<n and x=nmod2, the following in-
equalities hold:

XZ

2
C, -(log2)*- -
T2 g 1 o p,(0,x)<—=e 2

Jn Jn
where C,, C, are some positive constants.

Due to the method used for the estimate in [1], C,, C,

cannot be clearly derived. To illustrate the value of the
heat kernel more clearly for a large n, we introduce the
following estimates, which are to some extent modifica-
tions of the result (1.7).

2. Main Results of Estimations

Here we give three estimates of the heat kernel, through
which the rates of convergence towards their asymptotic
values (the first term of each equation) can be observed.
Within the available range, we obtained these three re-
sults, which can be applied according to different accura-
cy requirements.

Theorem 2.1. Assuming that |x|<nandx =n(mod2), we
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have

2 R |1<pn(0,X)§—2-Ql-Jl,

X X
Zﬂ(n—j Zﬂ(n—]

n n
here

2
R=1-2-,

2n
Q1:11
P 607°-1 1 .
' 4n 360n3(47r2+1) 15n4(47z2+1>
8% -5n°(47° +1) _,
15n5(47r2+1) ’

1 15722 +4 1
J=l-—t— t— X+

4n - 90n* (47 +1) 15n* (47 +1)
(i_i).xz
15n°  3n® ’
and particularly,
1 1 1572 +4 1
——|1-————7 """ | <p(0,0)< .
27m[ 4n 90n3(47zz+1)J Pn(0:0) J2mn

1 1-607°
-t
4n  360n°(47° +1)

Theorem 2.2. For n,xeN, |x<nandx= n(mod 2),

L Z\pnox

/27[ n——

x> (3n-2)x*
_+—
2n 24n°

1 1

T +2 1

21

=+
4n  24n®

315" (42 +1) 630 (4x7+1)

_(L_ 4 2
3n® 15n° 21n’

9n8(47z'2 +1)

_(L_iJri
3n* 3n” 9n’

o,

T S A 1 »
4n 24n° 1260n°  63n°(47° +1)

o4
3n® 15n°

[
~
Il

87° et 1 e
21n’ (47° +1) 9n° (47’ +1)

42z
3n® 3n’

8r?

Lyh
9n9(47z2+1)] *

and particularly,

1 1 1 6372 +16
i e 3 5 2 <pn(0,0)<
27N 4n  24n* 315n (47; +1)
1 1 1 2527%-1
Nt S |
2zn 4n  24n®  1260n

Theorem 2.3. For n,xeN, |x/<nandx=n(mod2),

i27r n—— f27r n——
ere

2)x* (5n ~10n +8

——— P 1,<p,(0,x)<

(A 1——+ 3 ,
2n 24n 240n°
2 4
X 3n—-2)x
P NCE T
2n 24n
| 1,1 1 3148 1
s 4n  24n° 180n° 420n7(4;r2+1) 15n8(47r2+1)
o mrmrtme)*
3n® 15n° 21n 15n 5n10
G
3n* 3n’ on’ 5n12
( 1 4 N 88) &
3n” 45n° 3n™  5n° '
5 T S S 1247% -1 N 1
: T 4n - 24n° 180n° 1680n'(4z°+1) 15n°(4z”+1)
o4 2 327° 2y 4 o
3n° 15n° 2In’ 15n°(47z° +1) 5n** (47° +1)
fr_2 4 167 | 22 o
3n° 3’ on’ n“(47r2+1) 5n12(47r2+1)

1 5 4 3527° 6
- =t |' X,
3n" 45n° 3n" 5n*(47’+1)
and particularly,

1 1 1 1 102072 -1
|1t 3 5t 7 2
27N 4n  24n®* 20n° 1680n (47; +1)
<p,(0,0)<
1 [ 11 1 25572 + 64 J
J1l-—+

- + .
27N 4n  24n® 20n° 420n7(472'2+1)



Corollary 2.4. Clearly, for a fixed X,
pn (0’ X) - 1

2
Zﬁ(n—XJ
n

when n — oo and particularly,

1
0,0)—
00> o

when n — .

3. Detailed Proof of Theorems

Lemma 3.1. Denote I'(:) as the well-known Gamma
function

[(z)=].,t" e dt,

and let x(-) be a function

where f (t):=(e'~1) ~t*+1/2.Forany neN",

nl=T(n+1)=+v2zn [E) e,
e

Proof. From the result of Dirichlet and Gauss, when
Re(z)>0, we have

.. (te —(2+1)7 et
- J‘Xzo (x‘le‘X ~(1-e )_1 e‘”)dx,
here the W function is defined as

a2 et I LI e

where

¢(1)=7,

here

¥Y(z) =

z_

n=1 n
is the Riemann ¢ function.

Then we have
jxao (e - (i jdx
X e -1

IX 1 ‘Z*dx+IX>OTeﬂdx

—Lo f (x)e ™dx

= %"rlogz_-[x}o f (X)eizxdx,

Y(z+1)
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whence

‘P(z)=—2—+logz IPO e dx,

where ¥(z +1)—\P(z)=— has been used.
z
Note that
e—tZ
u()=l -1

Then we have

logl'(z+1) = logl'(z+1)—logI’(2)
= jf‘l’(w+l)dw
logz
= =t z(logz -1)+1+ u(z)— (1),
whence
I'(z+1) = 3l =2t D) = /oy (E)Z et?)
e
where

u(1)=1-logv2z
has been used. Then
nl=T(n+1)

— v () e, v € N,

Lemma 3.2.

D)= 2 G0k 2

where
_ 20! (n)
n (27z_)n
is the n-th Bernoulli number and ¢ (z)<(0,1) when
zeR.
Proof. We borrow the definition of f in Lemma 11 in this
proof. From

=1+ ZXZZ

k>1X + 7Z'n

(_1)k71 BZk _\" BZm+2
2k-1 +( 1) ém (Z)(2m+ 2)(2m+1)22m+1 !

xcoth

and
f(x) =—%+%coth§(0<|x| <1),

we get

_22

X +(27 n) '
Also
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X2 +(22n)’

where

4n’z?
r(x)=————e(0,1].
n( ) 4n272'2+X2€( ]

Then for every me N, we have
_1)k71 x2k-2

0l - 23 5

X 1<k=m ko1

2(-1)"0, ()Y —

= (Zﬂ_n)ZerZ '

From
(27)'B,
2n)=~—~—="n=1,
¢ (2n) 2(2n)!
where B, denotes the Bernoulli number, ne N, and
_x OX
u(@)=Lt09e L,
we get
(71)“1 2k-25-12x
= 2 d
“ T X g
m 1 —
2(-1)" @ 2m zxd
2 0.5 e
D ap = AC: EYIIURTE) e WCLL
1<k=m k=1 (271'”) z (= (Zﬂ'n) zm
(-1)*(2k —2)!
- 2y AL P (2k
2 G T
m (2m) 1
+2( 1) fm(z) 22m+1 (2”)2m+2 €(2m+2)
= w —_1)" %
Kém(Zk)(Zk—l) z2k-1+( Y §m(Z)(2m+2)(2m+1)z2”‘+1’
where
I” 0, (x)x*"e *dx
£, (2)= 2 DT

I 2 x*Me dx
Only the case of z e R is associated with our case. When
ze R, we have

ém (Z) € (0,1],

and particularly,

&n(2)

_ fﬁf 6, (x)x*"e >dx . { 4Zr2 '1}
J.Bc X2me—zxdx Az +1

for |x|<n.

Now we begin the proof of the main theorems.

Take m=1 in Lemma 3.2, we obtain Theorem 2.1 as fol-

lows.
Proof. By Theorem 5 and Lemma 3.1

P.(0.0) - T

)
L x/%n”e”e”(zn) 2
2 [Jﬂ—( fe—;eu(z)J

1 1
27n ezﬂ(gj-#(n) ,

NS

and by Lemma 3.2 (take m=1),

n 1 ny 2 1 1
2”(5)‘”(”)—5‘5{5)@‘%%(“)—36%3'
where AN

2 2 2 4 n
J‘go = (4n°r +; )(27n) xZeZdex
n kz;‘(Z;m)4
§1 E = o, !
I?[xze 2 ]dx
4an’r?
2_2 2 4
j: & (4nz +>1< )(27n) (e ™o
kZ:(Z;z'n)4
égl(n): = n, '
jg"(xze 2 jdx
here
n _ (71)k7182k _q\" BZm+z
N[Ej - 1£kgm2k(2k1)(2)2k1+( 1) 5” (2m+2)(2m+1)(g)2m+1
: (i
E 1 2 n 3
Z(ZJ 12[5)

_ i_f(ﬂj 1
- 6n \2)45n%"

and



(_1)k7182k m 82 2
e+ (-1)"6 m:
ﬂ(n) 1s§m 2k(2k —l)n2kil +( ) m (2m+2)(2m+l)n2m+1
= i_ BA
- o a5
1 1
] 120V 30m
we have
1 1
p,(00) = e
27zn ezﬂ(i)*y(n)
n
él(n)_leérl(zj 1
ex _
P 360n° an
B 27n
Then
647°
1 Tagte 1
0,0 < .ex Y/ o
pn( ) o P 3601° n
= —1 -EXp —i+ﬂ
2zn 4n 360n3(4ﬁ2+1) ’
47?
——-16
1 4 2 1 l
00) = .exp| 27"+ 1
p.(0,0) o p 00 ™
- L e _1 15744
27n 4n  90n°(4x’+1) '
whence
1 1 1572 +4
OXP| T S 0,0)<
27n p[ 4n 90n3(4;z2+1)J P (0.0)

L g L, 1607t

27N 4n 360n°(47° +1) |
Using the Maclaurin series of the natural exponential
function,

op| L 15704 1 152°+4

Pl "an 90n3(47[2+1) 4n 90n3(47z2+1)’
exp 1, 1-607° c L 1- 6072

4n 360n3(47z2+1) 4n 360n3(4;r2+1)‘

whence

1 1 1572 +4 1
—_— . ———35”—+2 <p,(0,0)<

2zn | 4n 90n°(47° +1) 27n

1 1-607°
PRy |
4n  360n°(47° +1)
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Similarly, for
n
1
P.(0,x) = Zl[mn}
2
= L rnnrener
2n+1
1
;r(n+x)-(nizx e ) e%x
1
e ()
I oA
sz(f] [uﬁgff
n 2 2
notice that
1 &(n)
n) = —-2-—7,
#M) = on 360
n+Xx
ﬂ[n+xj - 1 _51( 2
2 6(n+x) 45(n+x)3’
n—x
ﬂ(n—xj 1 _51( 2
2 6(n-x) 45(n—x)*’
and the Maclaurin series
n 2
n+x1 n—-x :Z_n(l_x_—i_.“j’
(n+x)2.(n—sz n"yo2n
2 2
1+ o 1 R S
12n 6(n+x) 6(n—x) 4n 3n* 7
1 1 X 22X
3 = 3 e e T
45(n+x) 45n° 15n" 15n
1 1 X 2x2
R st e Te s T
45(n—x) 45n° 15n* 15n
we have
2
p,(0,X)= ! -[1—X—+--J
X2 2n
27Z(n—j
n
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_f;<n>ﬁ(n+xj i("7)

.exp(_i _X_Z
4n 3n° 360n° 45n°
n—x n+Xx n+x n—x
)yl
+ ; X+ : -2x%)
15n 15n

i 15n - 15n T3 )
Then
P, (0.)
1 .
2
Zﬂ(n—xj
n
_ An’ _ Ar’
2
exp| — L Ari4l,  4r’4l _X+( 45_%))(2
4n 360n°  15n*(4x°+1) ~ (15n° 3n
1

2
ZW[H—X—)
n

-exp N 157" +4 + 1 ~x+{i—i)~x2
4n - 90n°(47° +1) 15n*(47z° +1) 15n° 3n° '

1 x?
0,x)= J1-—
P (0.%) = [ ZnJ
27| n——
647’ 4n® _1j 8r’
exp| - L Arial T, Az'+1 ) o artel 1| e
4n 360n® 15n* 15n°  3n®

ep| Ly 80r1 1 s
4n 360n°(47°+1) 15n°(47x°+1)
whence

87’ -5n°(47° +1) ,
<X
15n°(47° +1)

ool Ly 607°-1 1 s
Pl 360n3(47r2+1) 15n4(4;r2+1)

<p,(0,x)<

8z°—5n* (47" +1) ,
=X
15n5(471'2 +1)

1

2

ZE(H—X—J

n

exp| - 1, 1572 +4 . 1 ~x+[ 4 —ij-xz
n oo (47r2+1) 15n4(47[2+1) 15n° 3n° '

Using the Maclaurin series of the natural exponential
function,

1, 60z°-1 1 8x°—5n* (47" +1) ,
&P " 2n " 3600° (4;;2+1)_15n“(47z2+1)'>“r 150° (4% +1) X
1 607° -1 1 8x’—5n* (47’ +1) ,
~l-—+ - X+
4n 360n3(47r2+1) 15n“(4;r2+1) 15n5(47r2+1)
exp _i+ 1572 +4 N 1 _X+( 4 —i]-xz
4n - 90n°(47%+1) 15n*(4z° +1) 15n°  3n°
_i+ 1572 +4 . 1 _X+( 4 —ij-xz
4n - 90n°(47*+1) 15n*(4z° +1) 15n° 3n°) '

whence

1, 6072 —1 1
1- - n 5 X+
n ' 360m° 471' +1) 15n (4;; +1)
<

p, (0,x)<

87%—5n’(47° +1) _,
15n° (477 +1)

1
2

ZH(H—XJ
n

1 1572 +4 1 4 1),
11—t t—r Xt —s -5 X |
4n  90n (4;; +1) 15n (47[ +1) 15n° 3n

Similarly, take m=2 in Lemma 3.2, we obtain Theorem
2.2.

Proof. Here
n
2ul — |—u(n
ﬂ(zj u(n)
1 16 1 1
" 3n 450 52( j'315n5_12n 360n° ~e(n )1260n5
n
L1 6452[5}52(”)
= —_— + y
4n  24n° 1260n°
where



Z I . Z I .
kik;l(zﬁk) x‘e 2dx .[37@1(27?() x*e ™dx
n é(zyzk)6 ;‘(znk)6
52 E = ré:z(n): '
J?j x*e™™dx

n
szl’}"
o X'e 2dx

(_1)k71 B
n 2k-1
S 2k (2K —1)(2j

+(_1)2 Z (gj (2 -2 +i2)2(+; .2 +1) (EJ(ZM)

n
1 1 % (2)

=
7N\
NS
N—
Il

= —_— + ,
6n 45n° 315n°
1 1 &(n)
n) = - - ,
#(m 12n 360n°  1260n°
then we have
1 u(“)*Zu(E)
0,0)= -e 2
pn( ) \/ﬁ
n
1 1—6n2 6452(2)_52('1)
= -exp + 3 .
27N 24n 1260n
Then
472
64—
1 1 1 472 +1
0,0) = -exp| —— + -~ Tt
P, (0.0) 27zn P 4n  24n°*  1260n°
! exp T 6372 +16
27N 4n  24n° 315n5(4;z2+1)’
47
64— -1
1 1 1 Az’ +1
0,0) < exp| ——+ - Z_+
P,(0.0) 27N P 4n  24n® 1260n°
B 1 o 11 2527 -1
N27n 4n  24n®  1260n°
whence
1 e 11 6372 +16
27N 4n  24n° 315n5(472'2+1)
1 1 1 252721
<p,(0,0)s—-eXp| ——+——T"7"77|.
P (0.0) V2zn p[ 4n  24n° 1260n5]

Using the Maclaurin series of the natural exponential
function,
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exp[—i+ 1 637°+16 Jz I
4n  24n® 315n5(47z2+1) 4n  24n®
6372 +16
315n° (4;:2 +1)’
1 ( 1 1 252;#—1] 1 1
Xt (Rl -
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4. Conclusion

Now we have completed the estimates of the heat kernel
on one-dimensional simple random walk. We reintroduced
relevant notions through discussions in the field of graph
theory and probability theory, and represented the factori-
al values through several common functions in the field of
basic analysis. Finally, the results were obtained by ex-
pansions and calculations. The convergence rate of the
heat kernel to 0 can be observed in the results, and it can
be seen that the upper and lower bounds are close when
N — oo. During the estimation process, due to the differ-
ent number of terms retained during expansions, we pro-
vided three results with different degrees of accuracy that
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can be applied to different situations based on accuracy
and complexity requirements. The method used in this pa-
per is also possible to be expanded to higher dimensions,
which we will explore in the future.
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