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Abstract:

With the progress of the times, probability theory has
been widely used. The normal distribution is an important
concept in the Chapter of probability theory. The normal
distribution is a probability distribution with a bell-
shaped probability density function curve. The probability
density function is a function that describes the probability
distribution of continuous random variables in a certain
range. Now the normal distribution is also widely used.
For example, in the weather, the average temperature,
average humidity and rainfall in July each year, and the
water level in the hydrology are also approximately normal
distribution. Based on the definition of normal distribution
and the theoretical knowledge of normal distribution, this
paper studies the derivation of normal distribution formula
and the application of normal distribution in daily life.
Finally, the application of normal distribution is diversity in
daily life, it is expected that this paper will provide specific
reference for the study of the academic content of normal
distribution and its practical application in professional
fields.
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1. Introduction

plications of the normal distribution in these areas
mainly includes estimating frequency distributions,

After the normal small sample theory was fully de-
veloped in the 20th century. The French mathemati-
cian Laplace soon learned of Gauss’s work and im-
mediately connected it to his discovery of the central
limit theorem. He published an article in 1812 show-
ing that the binomial distribution can be approximat-
ed by the normal distribution. Nowadays, Gaussian
distribution is widely used in many fields such as life
production, scientific and technological experiments,
product production, biology and meteorology. Ap-

formulating ranges of reference values, and serving
as the theoretical basis for many statistical methods.
The application of normal distribution can also make
sure that the quality of a product or service meets
predetermined standards during the production pro-
cess [1].

On the topic of normal distribution, there has been
a deep level of research in the field of mathematics.
This paper mainly writes the derivation of the for-
mula of normal distribution, and also involves the



application of normal distribution in some fields. Howev-
er, it can not only be limited to the research in the field of
mathematics, but also make the normal distribution more
widely applied in other fields [2].

In the section 2, the paper starts with the background
knowledge of normal distribution, then proves some lem-
mas and explains the application of the theorem from the
derived formula, finally deduces the formula of normal
distribution. In the section 3, this paper obtained examples
of the application of normal distribution from the students’
test scores and the error test of asphalt scale calibration.

2. Methods and Theory

Normal distribution is also called Gaussian distribution. It
is one of the probability distributions of continuous ran-
dom variables, which plays an important part in statistics.
The standard normal distribution is often used in everyday
mathematical calculations, and the standard normal distri-
bution is a normal distribution of 1 =0,0=1. The stan-
dard normal distribution has all the characteristics of the
normal distribution [1]. The normal distribution was first
found by Abraham de Moivre in the asymptotic formula.
For the binomial distribution. Gauss derived the normal
distribution from another aspect. Thanks to the discover-
ies of these mathematicians, the foundation was laid for
subsequent related research.

2.1 Lemma and Theorem

Lemma 1. If the function g(x) is an even function with a

second derivative, then g’(x) is an odd function; g**(x)
is an even function again [3].
Proof. Because g(—x)=g(x) sothe g’(-x)(-1) =g’(x),

namely: g(-x) =-g’(x), with: g”’(-x) =g"’(X).
Lemma 2. If the function g(x) satisfies the following con-
ditions: (a) g(0)=0, (b) g(x) derivable and continuous

function, (c) g(x) is even function, (d) For any natural
number m and real number x:g(mx)=g’(x), then for
any real number x the function g(x) must have the

form: g(x)=cx (where c is a constant).

Proof. When x =0, this is true. When x =0, let x:l
m
, , 1 n
then g'(1) = g'| mx=|. When x>0, let x=—, then
m m

0 (9-9(2)-9(1)-00.

For any irrational number x, A series of rational numbers
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that can be constructed. such that the sequence tends to x,

limxn=x. Thus, g'(x)= g'(lian): limg'(Xn)=

limg'(1)=g'(1). Let g’(1)=c, integrating both sides
can lead to g(x)=cx.

Lemma 3. The integral value of the function e over the

whole field of real numbers is /7 that is .[ . eXdx =7

. Assume D is the first quadrant of the rectangular coordi-
nate system. So D =[0,+»]x[0,) .

Proof. let Dr be the circle with the origin as the center and
radiusr, the intersection with D, the intersection is the
first quadrant of the circle (see Fig. 1 for illustration). Ac-
cording to the double integral theory, it can be obtained

ot o =tim e do = lim [zd6]7 e rdr =
. A
Llﬂlz(l—e )= am#(2)
Assume Sa=[0,a]x[0,a],a >0, then integrating S, and
one finds that

w7 g =frear [z e‘yzdy=[f ; e‘*zdsz- @

Fig. 1 The integral areas. Sa represents the
area of the square in the graph, and Da
represents the area of the larger 1/4 circle in

the graph.
Since e ¥ is a non-negative function. So:
e o< e ™o, @3)

Thus,

dzey = tim 2 e ax)? = tim([2edxy?
o o @

= ef(xzwz)da =A4r
D
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Therefore, the integral J:; e Xdx =%, or equivalently,
jf; eXdx=r.

2.2 Derivation of Normal Distribution Form

Random error is a typical random variable. When measur-
ing an object, the arithmetic mean of the results of multi-
ple measurements as the overall average true value is bet-
ter than the results of word measurements as an estimate.
Then the distribution that the error random variable obeys
must be such a “meticulous” function, which can always
make the arithmetic mean of the sample become the best
estimator among the overall true value estimators [4].

Assume that the true value of the population is @, there is

a simple random sample x,X,...,X,, regarding the mea-

surement error, consider the estimator when the following
likelihood function takes the maximum value:

L(é):mgx L(0) (5)
L(é)zmgle(xl—e)f(x2—9)...f(xn—9) (6)

Gauss first admitted that x was already a desirable esti-
mate, and then went to the error density function to ac-
commodate this, that is to find f (x) such that @ ,as deter-
mined by the above equation, is x . Because of the
problem is equivalent to

mgxln[f(xl—e)f(xz—e)...f(xn—e)]. That is, it is

equal to mg\xZIn(f(xi —0)). When taking the maxi-
1=1

mum value,
ot (-0 =320 g 7
2ne(1(x-0)=3 (n=d) @)
Use the auxiliary function g(x):m then:
tx)
>o(x-0)=0 ®

According to lemma 1 and f (x) even function properties,
one can know g(x) is an odd function which satisfies
g(x)=-9g(-x),9(0)=0. Quote the natural number m,

and let n=m+1, so x=X=%X=...=X,=-X,

m

X = MX, at this time 6 =x=0. Because of

29(x-60)=29(x)=0, (©)
i=1 i=1
and according to the previous formula, then
g(mx)=mg(x). This formula is consistent with all natu-

ral numbers m and real numbers x. Assume g(x) is de-
rivable and the derivations are continuous, take the deriv-
ative of x on both sides of this equation, then one can get

ddg((mmxx)) & (de) - dng(X)' -

' (x) f'(X)—[f'(X)]z, f(x) is an
[ (0

even function. According to lemma 1, f*’(x) is even

Because of g'(x)=

function, so g’(x) is even function. Since f (x) has sec-
ond-order conductance, so g(x) is continuous. Then

g(x) conforms to all conditions from Lemma 2, so

': gg —ox. (1)

Let g(x)=cx and since :E:gzd['”g];(x))], thus
In(f(x))=[exdx= %cxz +c. Therefore,

F(x)—e - MeéCXZ(M e (12)

As f (x)always greater than 0, f (x) is a density function
when the integral of the whole real field is equal to 1. ¢

must be a constant less than 0. c=—i2(a>0). Thus,
o
1.2
* Me2’ dx=1. Through lemma 3, one finds that
JE; e =r. Let y:L: x, then dx =+/2ody. So,
V2o

1= f - Me’?xzdx =M fi; e (ﬁo—dy) -

(13)
M (v20) )7, e dy = M (V2o V.

Thus, the constant M = L . Finally, the formula for
o~N2r
the normal distribution is
1 5%
f(x)= e 2 (14)
( oN2r



3. Results and Application

3.1 Application of normal distribution in stu-
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dent test score statistics

The data is a random selection of first-year students (200)
in a certain English test, and the selected data is shown in
Table 1 [5].

Table 1. The grade intervals and the corresponding student numbers.

Grade Interval 20.5-30 30-40 40-50

50-60 60-70 70-80 80-90 90-90.5

Students Number 5 15 30

51 60 23 10 6

In order to analyze these data, the first step is to draw a
histogram of the data set. In this table 1, can know the
maximum grade value 90.5, the minimum grade value
20.5, all the data is in the range [20.5-90.5]. Now take in-
terval [20-100], it can cover the interval [20.5-99.5], The
interval [20-100] is equally divided into 8 small intervals,

see Table 2. Let the length between each small interval
equal A, A=10. A means class interval. The endpoints
between cells are called group limits. Then calculate the

frequency (f,) and frequency (%) in each small interval.

Table 2. The 8 small intervals and the corresponding information.

Class interval limit Frequency (f;) Frequency (%) Cumulative relative frequency

20-30 5 0.025 0.025
30-40 15 0.075 0.1

40-50 30. 0.15 0.25
50-60 51 0.255 0.505
60-70 60 0.3 0.805
70-80 23 0.115 0.92
80-90 10 0.05 0.97
90-100 6 0.03 1

Next, one can make the x* fit test. Assume the probability (00"

density of H,: X is:

(x-n)
f(x):—zj;ro_e 248" _op < X < +00 (15)

Since the value of u,o°

is not given in H,, so one need
to estimate x, o first. Through maximum likelihood esti-
mation can get & =60,6°=15>. If H, is true, the esti-

mated probability density of X is:

1
9= e

On the basis of the above formula, the distribution func-
tion table of the standard normal distribution is queried

and one can get the estimation of probability P(A).
Namely,

e 255 —0<X<+m

(16)

P=P(A)=P(20<x<30)=

@(30_6())—(1)(20_6()) 0,019,
15 15

The calculation results are shown in Table 3.

(17)

Table 3. The data set and the corresponding probability.

A ; b np, 2 11p,
A:20<x<30 5 0.019 3.8 6.6
A, :30<x<40 15 0.069 13.8 16.3
A, :40<x<50 30 0.1596 31.96 28.2




Dean&Francis

ISSN 2959-6157

A, :50<x <60 51 0.2486 49.72 52.3
A :60<x<70 60 0.2486 49.72 724
A :70<x<80 23 0.1596 31.91 16.6
A, :80<x<90 10 0.069 13.8 7.2
A; 190 <x <100 6 0.019 3.8 9.5
8 f_2 _
In Table 3, one can get > ——=209.1. Now x* =209.1- , o X— 1
= np; ance o°, the test statistic is T :Tt(n—l), the proba-

200=9.1 , since x¢,(k—-r-1)= x5,(8-1)= x,(7)=
12.017 >9.1 , one should accept H, because it is below

the level 0.1. Also, one can show that the data comes from
the normally distributed population. Through the above
analysis, it can be concluded that students” exam grades fit
the normal distribution.

3.2 Normal Distribution in Calibration and Er-
ror Test of Reduced Asphalt Scales

According to the error sources and influencing factors
in the calibration of the reduced asphalt scales, it can be
considered that the test data of buoyancy coefficient con-
form to the normal distribution, so the normal distribution
method is used to analyze the calibration and inspection
of the reduced asphalt scales [6].

Assume population X is subject to a normal distribution,

that is to say X N(u,0?), (X, X, X,) is the sample of
volume n taken from the population X ,and (X1,X2,,,,Xn) is

the measured value of (X, X, X,), now the author will
establish confidence probability 1—a. The confidence in-
terval is (Z,,Z,); If P(Z,<Z<Z,)=1-a is true,
then (Z,andZ,) are the confidence intervals of the esti-
mated parameter Z in the confidence probability 1-a.
The interval length of Z, and Z, is the interval estimation

accuracy.
Since the population sample follows a normal distribution,

then X N(u,0%), the values taken from the population

X—u
—=N(0,2),

=

but the value of & is not given, so should consider using

also follow a normal distribution, can get

the sample variance s to estimate the population vari-

Jn

bility that T is between tl .(n=1) and t,(n-1) is 1-a,
2 2

to wait P{t 2 (n-1)<T <t (n—l)}zl—a. Since

3
tlj(n—l) :_té(n_l), can get a confidence interval for
2 2

the population mean:

{X—%tla(n—l),X+%tl;(n—l)}#(18)

2
The sample error calculation formula can be obtained as

e=—2t ,(n-1)#(19)

I

Then the sample size expression can be obtained as
2
t. (n-1)C, .

n= ZT C, == Je|=<#(20)
X X

Here, C, is sample deviation coefficient, |e| is the relative

value of the sample error. The expression of interval esti-
mation accuracy is:

t. (n-1)
Sz w2
N )
where e is sample error, s is sample standard deviation,
n is sample size, a take 0.5. The conclusion is that the
accuracy of interval estimation under different sample siz-
es can be obtained from the standard normal distribution
table.

4. Conclusion

This paper provides a comprehensive overview of normal
distribution, beginning with the essential background
knowledge necessary to understand its significance. It
explores the fundamental theorem behind normal distri-
bution, detailing the derivation of its formula to illustrate
how it is mathematically formulated. Additionally, the



paper highlights the practical applications of normal dis-
tribution in everyday life, demonstrating its relevance in
diverse fields such as education, and manufacture. The
introduction demonstrates normal distribution is not only
a mathematical concept, but also is an important tool in
each area of real life, the analysis and understanding of
everyday data and probabilities has also been enhanced. It
is hoped that in future research, the application of normal
distribution in other fields besides mathematics can be
further explored. For example, in the medical field, nor-
mal distribution can be used to analyze clinical trial data
and promote the development of new drugs to optimize
treatment programs. In finance, normal distributions are
applied in risk assessment and portfolio management to
help investors better understand market volatility and risk.
Generally speaking, the normal distribution will continue
to play a fundamental role in scientific research and prac-
tical applications. Its significance spans across multiple
areas, including psychology, finance, and healthcare,
promoting the development of various fields by providing
essential tools for data analysis, risk assessment, and in-
formed decision-making in real-world scenarios.
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