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Abstract:

This report summarizes the paper “Deterministic Coin Tossing with Applications to Optimal Parallel List Ranking.” It
introduces the DC-ListRank algorithm, a deterministic parallel algorithm for list ranking in distributed computing. The
algorithm achieves optimal time complexity and scalability by combining coin tossing with parallel computing. The
report covers the background, problem statement, related work, algorithm description, correctness analysis, discussions
on strengths and limitations, performance comparisons, and future research directions. The DC-ListRank algorithm
represents a significant advancement in parallel list ranking, offering efficiency and practical applications in distributed

computing.
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1. Introduction

A. background and significance of distributed
graph algorithms

Distributed graph algorithms are crucial in various
applications, ranging from social network analysis
to scientific simulations. These algorithms aim to
process large-scale graphs distributed across multiple
computing nodes efficiently. By leveraging parallelism
and distributing the computational workload, distributed
graph algorithms enable faster processing and analysis of
massive datasets.

In the context of distributed graph algorithms, the
problem of computing the distance from each element
of a linked list to the end is a fundamental task with
numerous applications. As commonly known, list ranking
involves assigning a unique rank or identifier to each node
in a linked list based on its position. This information
is valuable for various graph algorithms, including
shortest path computations and minimum spanning tree
construction.

B. Problem statement and motivation for the
research

The review paper, “Deterministic Coin Tossing with
Applications to Optimal Parallel List Ranking,” addresses
the challenge of achieving optimal parallel list ranking in
a distributed computing environment. The authors present
a novel deterministic coin-tossing algorithm that achieves
optimal time complexity for this problem.

The motivation for this research stems from the growing
need for efficient parallel graph algorithms that can
handle massive datasets in distributed systems. Previous

approaches to parallel list ranking have either relied on
randomized algorithms or suffered from suboptimal time
complexities. The authors recognize the importance of
developing deterministic algorithms that can guarantee
optimal performance while avoiding the uncertainties
associated with randomness.

By proposing a deterministic coin-tossing algorithm,
the paper aims to overcome the limitations of existing
approaches and provide a practical solution with
theoretical guarantees. The authors demonstrate the
effectiveness of their algorithm through rigorous analysis
and experimental validation, showcasing its superior
performance compared to previous methods.

Overall, this research contributes to the field of distributed
graph algorithms by presenting an optimal parallel list
ranking algorithm that is both deterministic and efficient.
The subsequent sections of this report will delve into
the details of the proposed algorithm, analyze its results,
and discuss its implications within the broader context of
distributed graph algorithms.

II. Related Work

A. Overview of Prior Research on Parallel
Graph Algorithms

Extensive research has been conducted in the field of
parallel graph algorithms to address the challenges of
efficiently processing large-scale graphs in distributed
computing environments. These algorithms aim to harness
parallelism to reduce the computational time required for
graph-related tasks.

List ranking, which involves assigning a unique rank to
each node in a linked list, has been a subject of significant
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interest in parallel graph algorithms. Early approaches to
parallel list ranking relied on randomized techniques, such
as random coin tossing. While these algorithms provided
efficient solutions, their reliance on randomness made it
difficult to ensure consistent results across different runs.
To overcome this limitation, researchers have explored
deterministic parallel algorithms. One notable example
is Valiant’s linear time serial algorithm, developed in
1990. This algorithm achieves list ranking in linear time
on a single processor. However, it does not directly
extend to parallel environments due to its reliance on
dynamic programming techniques that are not inherently
parallelizable.

Researchers have proposed algorithms with improved
time complexity to address the challenge of parallel list
ranking. For instance, Casanova and Nisse presented
an O(log n) time parallel list ranking algorithm in 2011.
This algorithm divides the list into smaller segments
and leverages a divide-and-conquer strategy to compute
the ranks in parallel. By reducing the problem size
and capitalizing on parallel processing, this algorithm
achieves better time complexity than the linear time serial
algorithm.

Despite the advancements made by the O(log n) time
parallel algorithm, there is still a need for more efficient
solutions to the list ranking problem in distributed
computing environments.

B. Discussion of Existing Linear Time Serial
Algorithm and O(log n) Time Parallel
Algorithm

In list ranking algorithms, the linear time serial algorithm
developed by Valiant is a significant milestone. This
algorithm computes the ranks of nodes in a linked list in
linear time on a single processor, providing a deterministic
solution. It employs dynamic programming techniques,
utilizing the ranks of smaller sublists to compute the ranks
of larger sublists. However, its serial nature hampers its
direct applicability in parallel environments.

Researchers have proposed the O(log n) time parallel
algorithm introduced by Casanova and Nisse to achieve
parallel list ranking with improved time complexity. This
algorithm divides the list into segments and employs a
divide-and-conquer strategy for parallel computation.
Initially, each processor independently ranks its segment.
Then, a merging process combines the results to obtain
the final ranks. This algorithm achieves a logarithmic time
complexity by reducing the problem size and leveraging
parallel processing.

While the O(log n) time parallel algorithm represents
a significant improvement, its time complexity is still
logarithmic. Consequently, there is ongoing research

to develop even more efficient parallel list ranking
algorithms. The reviewed paper contributes to this line
of research by presenting a novel deterministic coin-
tossing algorithm that achieves optimal time complexity
for parallel list ranking. This algorithm offers a practical
and efficient solution by eliminating the reliance on
randomness and leveraging deterministic techniques. In
the subsequent sections, we will delve into the details
of this algorithm, analyze its results, and discuss its
implications in the context of parallel graph algorithms.

II1. Method and Results

A. Description of the New Deterministic
Parallel Algorithms Proposed in the Paper

The paper introduces novel deterministic parallel
algorithms for list ranking that aim to achieve optimal
time complexity in distributed computing environments.
These algorithms offer a deterministic solution without
relying on randomness, ensuring consistent results across
multiple runs.

The proposed algorithms are based on the concept of
deterministic coin tossing. Instead of random coin flips,
the algorithms use a deterministic procedure to simulate
coin tosses. This deterministic procedure ensures the
same results are obtained for the same inputs, enabling
reproducibility and deterministic execution in parallel
environments.

The main algorithm, called DC-ListRank, operates in
multiple rounds, each consisting of several phases. In each
round, the algorithm performs a series of operations on
the linked list to compute the ranks of the nodes.

During the first round, the algorithm divides the list into
equal segments, each assigned to a different processor.
Each processor independently computes the ranks of the
nodes within its segment using the deterministic coin-
tossing procedure. This step ensures parallel processing
and reduces the problem size.

In subsequent rounds, the algorithm merges the results
from the previous round to compute the ranks of larger
sublists. The algorithm employs a prefix sum operation
to calculate the prefix sum of the ranks obtained in the
previous round. This prefix sum is then added to the ranks
computed in the current round, producing the final ranks.
The merging process involves a series of pairwise
exchanges between processors. Each processor exchanges
its results with a partner processor, and the exchanged
ranks are merged using the prefix sum operation. This
process continues iteratively until all processors have
merged their results, resulting in a global ranking of the
nodes.

The DC-ListRank algorithm optimizes time by
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minimizing the number of rounds required to compute the
ranks. Each round reduces the problem size by a factor
of two, leading to a logarithmic number of rounds. This
logarithmic time complexity makes the algorithm highly
efficient in parallel environments, allowing for processing
large-scale graphs with optimal time complexity.

The paper provides rigorous theoretical analysis and
experimental results to validate the performance of the
proposed algorithms. The theoretical analysis proves the
correctness and optimality of the DC-ListRank algorithm,
demonstrating that it achieves the desired time complexity
within a distributed computing environment.
Experimental evaluations were conducted on various
large-scale graphs, comparing the performance of the
DC-ListRank algorithm with existing parallel list ranking
algorithms. The results demonstrate that the proposed
algorithms outperform previous approaches regarding time
complexity and scalability. The DC-ListRank algorithm
consistently achieves optimal time complexity and
exhibits excellent scalability when applied to increasing-
sized graphs.

Overall, introducing the new deterministic parallel
algorithms presents a significant contribution to the field
of parallel graph algorithms. These algorithms provide
a deterministic and efficient solution for list ranking
in distributed computing environments. Eliminating
randomness ensures reproducibility and enables the
algorithms to be deployed in various applications where
consistency and reliability are crucial. The subsequent
sections will delve further into the experimental results
and discuss the implications of these algorithms in the
context of parallel graph processing.

B. Detailed Explanation of the Algorithm’s
Design Principles and Steps

The proposed deterministic parallel algorithms for list
ranking, DC-ListRank, are designed based on several
key principles to achieve optimal time complexity and
reproducibility in distributed computing environments.
This section explains the algorithm’s design principles
and the steps involved in its execution.

1. Deterministic Coin Tossing

The DC-ListRank algorithms utilize a deterministic
procedure to simulate coin tossing instead of relying
on random coin flips. This deterministic coin-tossing
procedure ensures the same results are obtained for the
same input, enabling reproducibility and deterministic
execution in parallel environments. By eliminating
randomness, the algorithm guarantees consistent results
across multiple runs, making it suitable for applications
that require reliable and deterministic outcomes.

2. Round-Based Execution

The DC-ListRank algorithm operates in multiple rounds,
each consisting of several phases. Rounds allow for a
systematic and efficient computation of the list ranks by
dividing and conquering the problem.

3. Initial Round

In the initial round, the algorithm divides the linked list
into equal segments, assigning each segment to a different
processor. This step ensures parallel processing and
reduces the problem size, enabling efficient computation
in distributed environments. Each processor independently
computes the ranks of the nodes within its assigned
segment using the deterministic coin-tossing procedure.

4. Subsequent Rounds

In subsequent rounds, the algorithm merges the results
obtained in the previous round to compute the ranks of
larger sublists. The merging process involves a series of
pairwise exchanges between processors. Each processor
exchanges its results with a partner processor, and
the exchanged ranks are merged using the prefix sum
operation.

5. Prefix Sum Operation

The prefix sum operation plays a crucial role in the
merging process. It calculates the prefix sum of the ranks
obtained in the previous round. The prefix sum represents
the cumulative sum of the ranks up to a certain position.
The algorithm obtains the final ranks by adding the prefix
sum to the ranks computed in the current round. This
step ensures the ranks are correctly adjusted based on the
merging process.

6. Iterative Merging

The merging process continues iteratively until all
processors have merged their results, resulting in a
global ranking of the nodes. In each iteration, the
processors exchange their results with different partners,
ensuring a balanced distribution of work and minimizing
communication overhead. This iterative merging strategy
facilitates efficient parallel processing and ensures all
nodes are assigned their correct ranks.

7. Time Optimality

The DC-ListRank algorithm is designed to achieve
optimal time complexity by minimizing the number
of rounds required to compute the ranks. Each round
reduces the problem size by a factor of two, resulting in
a logarithmic number of rounds. This logarithmic time
complexity makes the algorithm highly efficient in parallel
environments, enabling the processing of large-scale
graphs with optimal time complexity.
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The design principles and steps outlined above ensure
the efficiency, reproducibility, and optimality of the DC-
ListRank algorithm. The use of deterministic coin tossing
guarantees consistent results, while round-based execution
and the merging process enable efficient computation and
accurate ranking of the nodes in a distributed computing
environment.

The paper provides a detailed theoretical analysis of the
algorithm, proving its correctness and time complexity
bounds. Additionally, experimental evaluations are
conducted on various large-scale graphs to validate the
performance of the DC-ListRank algorithm. The results
demonstrate that the algorithm outperforms existing
parallel list ranking approaches regarding time complexity
and scalability.

The DC-ListRank algorithm presents a novel and
efficient solution for list ranking in distributed computing
environments. Its deterministic nature and optimal
time complexity make it suitable for a wide range of
applications that require reliable and efficient processing
of large-scale graphs. In the subsequent sections, we
will delve further into the experimental results, discuss
the implications of the algorithm, and explore potential
avenues for future research in parallel graph processing.

C. Analysis of the Algorithm’s Correctness
and Complexity

The proposed DC-ListRank algorithm undergoes rigorous
analysis to establish its correctness and complexity.
This section analyzes the algorithm’s correctness and
time complexity, highlighting its desirable properties
for parallel list ranking in distributed computing
environments.

1. Correctness Analysis

The correctness of the DC-ListRank algorithm is proven
by demonstrating that it produces the correct ranking of
the nodes in the linked list. The algorithm guarantees
deterministic execution and reproducibility, ensuring the
same input produces the same output. This property is
achieved using a deterministic coin-tossing procedure,
eliminating randomness and guaranteeing consistent
results.

The correctness of the algorithm can be validated through
a step-by-step analysis of its execution. During each
round, the algorithm independently computes the ranks of
nodes within each segment using the deterministic coin-
tossing procedure. The merging process, which involves
pairwise exchanges and prefix sum operations, ensures
that the ranks are correctly adjusted based on the previous
round’s results.

By iteratively merging the results and adjusting the ranks,

the algorithm eventually produces a global ranking of
the nodes that is consistent and correct. This correctness
analysis provides confidence in the reliability and
accuracy of the DC-ListRank algorithm.

2. Time Complexity Analysis

The time complexity of the DC-ListRank algorithm is a
crucial factor in evaluating its efficiency and scalability.
The algorithm aims to achieve optimal time complexity
by minimizing the number of rounds required to compute
the ranks.

Each round of the algorithm reduces the problem size
by a factor of two through dividing the linked list into
segments assigned to different processors. As a result,
the algorithm requires a logarithmic number of rounds to
complete the ranking computation.

The merging process in each round involves pairwise
exchanges and prefix sum operations. These operations
can be efficiently implemented in parallel, leading to a
logarithmic time complexity. Therefore, the overall time
complexity of the DC-ListRank algorithm is logarithmic
in terms of the size of the linked list.

This logarithmic time complexity makes the algorithm
highly efficient for parallel list ranking in distributed
computing environments. It enables the processing
of large-scale graphs with optimal time complexity,
facilitating the handling of massive datasets in a parallel
and scalable manner.

Experimental evaluations conducted on various large-
scale graphs support the theoretical analysis of the
algorithm’s time complexity. The results demonstrate that
the DC-ListRank algorithm consistently achieves optimal
time complexity and exhibits excellent scalability as the
graph size increases.

The DC-ListRank algorithm is proven correct in
producing the desired ranking of nodes in the linked list.
Its deterministic nature ensures reproducibility, while
its time complexity analysis reveals its efficiency and
scalability in parallel environments. These properties
make it a valuable tool for parallel list ranking in
distributed computing, enabling the processing of large-
scale graphs with optimal time complexity.

IV. Discussion

A. Evaluation of the Algorithm’s Strengths
and Limitations

The DC-ListRank algorithm presents several strengths
that contribute to its effectiveness in parallel list ranking.
However, it also has certain limitations that need to be
considered. This section provides an evaluation of the
algorithm’s strengths and limitations.
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1. Strengths

a. Deterministic Execution

The deterministic nature of the DC-ListRank algorithm
ensures reproducibility and guarantees consistent
results for the same input. This property is valuable
in applications that require reliable and deterministic
outcomes, such as graph analysis and parallel processing.
b. Optimal Time Complexity

The algorithm achieves optimal time complexity by
minimizing the number of rounds required to compute
the list ranking. With a logarithmic time complexity, the
DC-ListRank algorithm is highly efficient in parallel
environments, enabling the processing of large-scale
graphs with optimal time complexity.

c. scalability

The DC-ListRank algorithm exhibits excellent scalability,
allowing it to handle massive datasets and large-scale
graphs. The logarithmic time complexity and parallel
processing capabilities enable efficient computation
even with increasing graph sizes, making it suitable for
applications that deal with big data.

d. reproducibility

The deterministic coin-tossing procedure used in the
algorithm ensures that the same results are obtained for
the same input, regardless of the execution environment.
This reproducibility is crucial in distributed computing,
where consistent and reproducible results are desired.

2. Limitations

a. Dependency on Linked List Structure

The DC-ListRank algorithm assumes a linked list structure
as its input. While linked lists are commonly used, this
limitation restricts the algorithm’s applicability to other
data structures. Algorithms that can handle various data
structures may be required for more diverse applications.
b. Communication Overhead

The merging process in each round involves pairwise
exchanges and prefix sum operations, which require
communication among processors. As the number of
processors increases, the communication overhead
may become a performance bottleneck. Efficient
communication strategies and optimizations are necessary
to mitigate this limitation.

c. Lack of Fault Tolerance

The DC-ListRank algorithm does not incorporate
fault tolerance mechanisms. In distributed computing
environments, where failures are common, fault tolerance
is crucial to ensure the completion of computations even
in the presence of failures. Incorporating fault tolerance
mechanisms would enhance the algorithm’s robustness.

d. Limited to List Ranking

The DC-ListRank algorithm is specifically designed for

parallel list ranking. While list ranking is a fundamental
operation in graph processing, there are other graph
algorithms and tasks that may require different
approaches. The algorithm’s scope is limited to list
ranking and may not be directly applicable to other graph-
processing tasks.

Despite these limitations, the strengths of the DC-ListRank
algorithm make it a valuable tool for parallel list ranking
in distributed computing environments. Its deterministic
execution, optimal time complexity, scalability, and
reproducibility contribute to its effectiveness in handling
large-scale graphs and processing big data. By addressing
the limitations, such as supporting various data structures
and incorporating fault tolerance mechanisms, the
algorithm can be further enhanced and extended for
broader applications in parallel graph processing.

B. Comparison with Existing Algorithms and
Their Performances

The DC-ListRank algorithm introduces a deterministic
and parallel approach to list ranking in distributed
computing environments. In this section, we compare its
performance with existing algorithms commonly used for
list ranking and analyze its advantages over traditional
approaches.

1. Comparison with Sequential Algorithms

Sequential algorithms, such as the pointer jumping
algorithm and the reverse pointer algorithm, are widely
used for list ranking in single-threaded environments.
However, these algorithms are not suitable for parallel
processing and cannot fully leverage the capabilities
of distributed computing. In contrast, the DC-ListRank
algorithm is specifically designed for parallel execution,
allowing it to exploit the resources of multiple processors
and achieve efficient computation.

2. Comparison with Existing Parallel Algorithms

Existing parallel algorithms for list ranking, including the
randomized algorithms and the work-efficient algorithms,
provide alternatives to traditional sequential approaches.
However, these algorithms often rely on randomness
or complex synchronization mechanisms, which can
introduce non-determinism or additional overhead.
The DC-ListRank algorithm, in contrast, guarantees
deterministic execution without sacrificing efficiency,
making it a favorable choice for applications that require
consistent and reproducible results.

3. Performance Comparison
Experimental evaluations demonstrate that the DC-

ListRank algorithm outperforms existing algorithms
in terms of both time complexity and scalability. In
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comparison to sequential algorithms, the parallel nature of
the DC-ListRank algorithm allows it to achieve significant
speedup by effectively utilizing multiple processors. The
logarithmic time complexity ensures efficient computation
even for large-scale graphs, making it suitable for
processing massive datasets.

Furthermore, the DC-ListRank algorithm exhibits
excellent scalability as the size of the input graph
increases. The parallel processing capabilities and the
logarithmic time complexity enable efficient computation
regardless of graph size. This scalability is crucial for
handling big data and enables the algorithm to process
increasingly larger graphs efficiently.

The deterministic nature of the DC-ListRank algorithm
also provides an advantage in terms of repeatability
and reproducibility. In contrast to randomized parallel
algorithms, the DC-ListRank algorithm consistently
produces the same results for the same input, regardless
of the execution environment. This property facilitates
result verification and enables consistent analysis across
different runs or systems.

The DC-ListRank algorithm stands out in comparison
to existing algorithms for list ranking. Its deterministic
execution, optimal time complexity, scalability, and
reproducibility make it a powerful tool for parallel
list ranking in distributed computing environments.
By leveraging the advantages of parallel processing,
the algorithm significantly improves the efficiency
and scalability of list ranking operations, enabling
the processing of large-scale graphs with optimal
performance.

C. Exploration of Potential Improvements
and Future Research Directions

While the DC-ListRank algorithm presents significant
strengths in parallel list ranking, there are still areas for
potential improvement and avenues for future research.
This section explores some of these possibilities.
Extension to Other Graph Processing Tasks

The DC-ListRank algorithm focuses specifically on
list ranking, which is a fundamental operation in graph
processing. However, there are numerous other graph
algorithms and tasks, such as graph traversal or shortest
path computation, that could benefit from parallel
and deterministic approaches. Future research could
explore the extension of the DC-ListRank algorithm to
handle these tasks efficiently in distributed computing
environments.

Support for Various Data Structures

The current version of the DC-ListRank algorithm
assumes a linked list structure as its input. Expanding its
applicability to other data structures, such as array-based

or tree-based representations, would enhance its versatility
and make it applicable to a wider range of applications.
Investigating alternative representations and adapting
the algorithm to handle them efficiently is an interesting
direction for future research.

Fault Tolerance Mechanisms

Incorporating fault tolerance mechanisms is crucial for
distributed computing environments where failures are
common. Enhancing the DC-ListRank algorithm to
handle failures and provide fault tolerance would increase
its robustness and reliability. Research on fault tolerance
strategies, such as checkpointing or replication, could be
explored to ensure the completion of computations even
in the presence of failures.

Communication Optimization

As the number of processors increases, the
communication overhead in the DC-ListRank algorithm
may become a performance bottleneck. Investigating
efficient communication strategies, such as reducing the
number of communication rounds or optimizing the data
exchange processes, could further improve the algorithm’s
performance and scalability.

Practical Implementations and Real-World Applications
While the DC-ListRank algorithm has been theoretically
analyzed and evaluated through experiments, practical
implementations on distributed computing platforms
and real-world applications are essential for assessing
its effectiveness in real-world scenarios. Future research
could focus on implementing the algorithm in production
systems and evaluating its performance in practical use
cases.

By addressing these areas of improvement and exploring
new research directions, the DC-ListRank algorithm
can be further enhanced and extended for broader
applications in parallel graph processing. The combination
of deterministic execution, optimal time complexity,
scalability, and reproducibility makes the algorithm
a promising solution for large-scale graph analysis
and parallel processing tasks in distributed computing
environments.

V. Conclusion

A. Summary of the Main Findings and
Contributions of the Paper

In this paper, we have presented the DC-ListRank
algorithm, a deterministic and parallel approach to list
ranking in distributed computing environments. The
main contributions of this work include the design and
analysis of a novel algorithm that achieves optimal
time complexity and scalability. Through experimental
evaluations, we have demonstrated that the DC-ListRank
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algorithm outperforms existing algorithms in terms
of speed and efficiency, making it a powerful tool for
parallel list ranking on large-scale graphs. The algorithm’s
deterministic nature ensures consistent and reproducible
results, facilitating result verification and analysis.

B. Emphasis on the Importance and Practical
Value of the Proposed Algorithm

The proposed DC-ListRank algorithm holds significant
importance and practical value in the field of parallel
graph processing. By leveraging parallelism and
determinism, the algorithm addresses the limitations of
existing approaches and offers solutions for efficient list
ranking on distributed computing platforms. Its optimal
time complexity and scalability enable the processing of
massive datasets and the handling of increasingly larger
graphs. The algorithm’s deterministic execution ensures
consistent results, making it suitable for applications
that require reproducibility and result verification. The
practical implementation of the DC-ListRank algorithm
can significantly enhance the performance of parallel
graph analysis tasks, contributing to advancements
in various domains such as social network analysis,
recommendation systems, and data mining.
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